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We study quantum gravitational perturbations in the static patch of de Sitter space. In particular,
we determine the symplectic inner product of these perturbations and use it to write down the
graviton two-point function in the state analogous to the Bunch-Davies vacuum in a certain gauge.
We find this two-point function to be infrared-finite and time-translation invariant.
PACS numbers: 04.60.-m, 04.62.+v, 04.50.-h, 04.25.Nx, 04.60.Gw, 11.25.Db
I. INTRODUCTION
The interest in phenomena in de Sitter space is in-
creasing recently, especially due to its relevance to the
inflationary cosmology [1–5], which recently has gained
strong support from observation [6]. In addition, current
observations indicate that our Universe is expanding in
an accelerated rate and may approach de Sitter space
asymptotically [7, 8]. Physics in de Sitter space is also
attracting attention because of the dS/CFT correspon-
dence [9].
The analysis of gravitational perturbations in de Sitter
space is important particularly for the inflationary cos-
mology, but the infrared (IR) properties of the graviton
two-point function in de Sitter space have remained a
source of controversies over the past 30 years. The main
source of these controversies is that the graviton mode
functions natural to the spatially-flat (or Poincare´) patch
of de Sitter space behave in a manner similar to those
for minimally-coupled massless scalar field [10], which
allows no de Sitter-invariant vacuum state because of IR
divergences [11, 12]. Ford and Parker found that this
similarity leads to IR divergences in the graviton two-
point function though they found no IR divergences in
the physical quantities they studied [10]. (In fact their
work deals with a more general Friedmann-Lemaˆıtre-
Robertson-Walker spacetime.)
However, since linearized gravity has gauge invariance,
it is important to determine whether or not these IR
divergences are a gauge artifact. Indeed, the IR diver-
gences and breaking of de Sitter symmetry they cause in
the free graviton theory have been shown to be a gauge
artifact in the sense that they can be gauged away if we
allow nonlocal gauge transformations [13, 14]. This point
has recently been made clearer by explicit construction
of an IR-finite two-point function [15]. The authors of
Ref. [15] also pointed out that a local gauge transforma-
tion is sufficient to render the two-point function finite
in the infrared in a local region of the spacetime. It
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is also worth noting that the two-point function of the
linearized Weyl tensor computed using a de Sitter non-
invariant propagator with an IR cutoff exhibits no IR di-
vergences [16] and agrees with the result [17] calculated
using the covariant propagator [18, 19]. In fact, in a re-
cent gauge-invariant formulation of free gravitons [20] the
Weyl-tensor and graviton two-point functions have been
shown to be equivalent in de Sitter space [21]. It has
also been argued recently [22] that there is a de Sitter-
invariant Hadamard state for free gravitons defined in a
way similar to the scalar case [20].
Gravitational perturbations in de Sitter space have
been analyzed mainly in the Poincare´ patch for two rea-
sons. Firstly, this patch is the most relevant to the in-
flationary cosmology. Secondly, the graviton mode func-
tions in this patch are the simplest. But there have been
some works using other patches. It has been known for
some time that in the global patch of de Sitter space the
free graviton field theory has no IR divergences and that
there is a de Sitter-invariant vacuum state [23] analogous
to the Bunch-Davies vacuum [24] for the scalar field the-
ory (see also Ref. [25]). As a result there is an IR-finite
graviton two-point function in this patch [26]. An IR-
finite graviton two-point function has also been found in
the hyperbolic patch of de Sitter space [27]. However,
there has been little work on quantum gravitational per-
turbations in the static patch, which is of physical impor-
tance because it represents the region causally accessible
to an inertial observer.
In this paper we use the formalism developed by Ko-
dama and Ishibashi [28] to study quantum gravitational
perturbations in the static patch of de Sitter space. In
particular, we demonstrate that there is an IR-finite
graviton two-point function in the Bunch-Davies-like
state in this patch. We emphasize that this two-point
function is time-translation invariant unlike that in the
global patch [26]. Thus, if linearized gravity is treated
as a thermal field theory inside the cosmological hori-
zon [29], then one finds no IR divergences or secular
growth of the kind encountered in the Poincare´ patch.
Although it has been shown that IR divergences are a
gauge artifact in the sense mentioned above, it is useful to
demonstrate explicitly that there is an IR-finite and time-
translation invariant graviton two-point function since
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2there are objections to the existence of de Sitter invariant
Bunch-Davies-like state in de Sitter space [30, 31].
The rest of this paper is organized as follows. In Sec. II,
we give a brief review of the gauge-invariant perturba-
tion formalism, summarizing some properties of the three
types of perturbations: scalar, vector and tensor, in the
background spacetime, which is de Sitter space of n+2 di-
mensions. The solutions of the linearized Einstein equa-
tions that these three types of perturbations satisfy are
presented. (These solutions were obtained previously by
Natario and Schiappa [32].) In Sec. III, we construct the
graviton two-point function, starting by the normaliza-
tion of the modes for each type of perturbations with
respect to symplectic inner product. In particular, we
show that the two-point function is IR-finite in a suit-
ably chosen gauge. In Sec. IV we present the mode func-
tions in the 3 + 1 dimensional case explicitly and find
a simplified expression for the graviton two-point func-
tion. In Sec. V, we summarize the results found in this
paper and discuss their possible implications. In Ap-
pendices A and B we provide some details of the calcu-
lations to normalize the vector- and scalar-type modes,
respectively. In Appendix C we compute the two-point
function for the minimally-coupled scalar field, which is
discussed for comparison with the graviton case. In Ap-
pendix D, we show that the graviton two-point function
vanishes identically if one of the points is at the origin.
This result shows clearly that the values of the graviton
two-point function themselves have no physical signifi-
cance. Throughout this paper we use the metric signa-
ture −+ + · · ·+ and units such that c = ~ = 1.
II. GRAVITATIONAL PERTURBATIONS IN
THE STATIC PATCH
A. Background Spacetime
In this section we revisit the classical gravitational per-
turbation studied in Ref. [32]. The background space-
time will be de Sitter in n+2 dimensions with n ≥ 2 and
the line element will take the form
ds2 = gµνdx
µdxν = −(1− λr2)dt2 + dr
2
1− λr2 + r
2dσ2n,
(1)
where
dσ2n = γij(x)dx
idxj (2)
is the line element on the n-sphere Sn. Thus we are work-
ing inside the cosmological horizon in the so-called static
coordinate system. We shall put λ = 1 for simplicity. We
shall use the notation established in Refs. [28, 33], with
the exception of quantities of the background spacetime,
for which we use greek indices. We define the line element
of the two-dimensional orbit space by
ds2orb = gabdx
adxb = −(1− r2)dt2 + dr
2
1− r2 . (3)
We denote the covariant derivatives compatible with the
full metric represented by the line element ds2, the two-
dimensional metric represented by ds2orb and the metric
on Sn represented with dσ2n by ∇µ, Da and Dˆi, respec-
tively. The greek indices are used for spacetime indices
running from 0 to n + 1, the first latin indices a, b, c, . . .
are for t and r and the i, j, k, . . . are for Sn. The con-
nection coefficients for ds2, ds2orb and dσ
2
n are denoted by
Γαµν , Γ
a
bc(t, r) and Γˆ
i
jk(x), respectively.
What we will do next in this section is to consider
perturbations in the metric, which can be expanded in
terms of harmonic tensors of ranks 0, 1, and 2. These
perturbations are called the scalar-, vector- and (rank-2)
tensor-type perturbations, respectively.
B. Scalar-type perturbations
The scalar-type perturbations can be expanded in
terms of harmonic functions S(lσ) on the n-sphere which
satisfy
(∆ˆn + k
2
S)S(lσ) = 0, (4)
where ∆ˆn is the Laplace-Beltrami operator on S
n. The
set of eigenvalues takes the form
k2S = l(l + n− 1). (5)
The label l is a non-negative integer and σ represents all
labels other than l. The harmonic modes of the metric
perturbation are given by
h
(S;lσ)
ab = f
(l)
ab S
(lσ), (6)
h
(S;lσ)
ai = rf
(l)
a S
(lσ)
i , (7)
h
(S;lσ)
ij = 2r
2(γijH
(l)
L S
(lσ) +H
(l)
T S
(lσ)
ij ), (8)
where
S(lσ)i = −
1
kS
DˆiS(lσ), (9)
S(lσ)ij =
1
k2S
DˆiDˆjS(lσ) +
1
n
γijS(lσ), (10)
and the coefficients f
(l)
a , f
(l)
ab , H
(l)
L and H
(l)
T are all func-
tions of t and r and are gauge-dependent quantities. No-
tice that the tensors S(lσ)ij are chosen to be traceless.
The modes with l = 0, 1 are special cases (and some
of the coefficients above are not defined). For l = 0
the perturbed spacetime will be spherically symmetric,
but the only such solutions to the Einstein equations
are Schwarzschild-de Sitter spacetime by Birkoff’s the-
orem [28]. Thus, in our case the only perturbation with
l = 0 will be the change in the background spacetime to
introduce a small black hole, which would inevitably be
non-perturbative and singular at the origin. Hence, we
exclude this case. For l = 1 one finds that there is no
corresponding nonzero gauge-invariant perturbation as
3shown in Appendix B of Ref. [28]. Hence we can impose
the condition l ≥ 2.
It can be shown that the perturbations can be related
to a master variable Φ
(l)
S , which, for the scalar case, obeys
the following equation:
Φ(l)S −
VS
1− r2 Φ
(l)
S = 0, (11)
where the effective potential is given by
VS =
1− r2
4r2
[4l(l + n− 1) + n(n− 2)
− (n− 2)(n− 4)r2] . (12)
The  is the d’Alembertian operator in the two-
dimensional orbit spacetime with line element ds2orb:
 = − 1
1− r2
∂2
∂t2
+
∂
∂r
(1− r2) ∂
∂r
. (13)
The procedure to obtain Eq. (11) involves defining gauge-
invariant quantities (for modes with l ≥ 2), which are
given in terms of the gauge-dependent quantities by
F (l) = H
(l)
L +
1
n
H
(l)
T +
1
r
Da(rX(l)a ), (14)
F
(l)
ab = f
(l)
ab +DaX
(l)
b +DbX
(l)
a , (15)
with
X(l)a =
r
kS
(
f (l)a +
r
kS
DaH
(l)
T
)
. (16)
Then, the functions F (l) and F
(l)
ab , defined by Eqs. (14)
and (15), respectively, are given in terms of the master
variable Φ
(l)
S as follows:
rn−2F (l) =
1
2n
(+ 2)(rn/2Φ(l)S ), (17)
rn−2F (l)ab = DaDb(r
n/2Φ
(l)
S )
−
(
n− 1
n
+ n− 2
n
)
rn/2Φ
(l)
S gab. (18)
The details for obtaining the master equation in terms of
these gauge-invariant quantities are highly involved and
can be found in Refs. [28, 33].
One can find solutions with Fourier components pro-
portional to e−iωt and regular at the origin, which are
given by:
Φ
(ωl)
S (t, r) = A
(ωl)
S e
−iωtrl+n/2(1− r2)iω/2
×F
(
1
2
(iω + l + n− 1), 1
2
(iω + l + 2); l +
n+ 1
2
; r2
)
,
(19)
where the function F (α, β; γ; z) is Gauss’ hypergeometric
function [34]. The normalization constants A
(ωl)
S will be
determined later.
C. Vector-type perturbations
The vector-type perturbations are expanded in terms
of harmonic vectors V(lσ)i , which satisfy
(∆ˆn + k
2
V )V
(lσ)
i = 0, (20)
DˆjVj(lσ) = 0. (21)
Here,
k2V = l(l + n− 1)− 1, (22)
where l = 1, 2, ... and σ again represents all labels other
than l. The metric perturbations of the vector type read
h
(V ;lσ)
ab = 0, (23)
h
(V ;lσ)
ai = rf
(l)
a V
(lσ)
i , (24)
h
(V ;lσ)
ij = 2r
2H
(l)
T V
(lσ)
ij , (25)
with
V(lσ)ij = −
1
2kV
(DˆiV(lσ)j + DˆjV
(lσ)
i ). (26)
For l = 1, the tensors V(lσ)ij vanish, rendering the co-
efficient F
(l)
a undefined. In this case one defines a new
gauge-invariant quantity and this gives rise to a rota-
tional perturbation, parametrized by a constant, similar
to the Myers-Perry solution [28, 35] if the black hole mass
is nonzero. This means that in our case with no black
hole, there is no nonzero gauge-invariant vector-type per-
turbation with l = 1.
As in the scalar case, we define a gauge-invariant quan-
tity for l ≥ 2 as follows:
F (l)a = f
(l)
a +
r
kV
DaH
(l)
T . (27)
This quantity is related to a master variable Φ
(l)
V by
rn−1F (l)a = abDb(rn/2Φ
(l)
V ), (28)
where ab is the Levi-Civita tensor of the two-dimensional
orbit spacetime. The master variable obeys the following
wave equation:
Φ(l)V −
VV
1− r2 Φ
(l)
V = 0, (29)
with
VV =
1− r2
r2
[
l(l + n− 1) + n(n− 2)
4
(1− r2)
]
. (30)
The solutions of Eq. (29) regular at the origin are
Φ
(ωl)
V (t, r) = A
(ωl)
V e
−iωtrl+n/2(1− r2)iω/2
×F
(
1
2
(iω + l + 1),
1
2
(iω + l + n); l +
n+ 1
2
; r2
)
.
(31)
The normalization constants A
(ωl)
V will be determined
later.
4D. Tensor-type perturbations
It is a well-known fact that solutions to Eqs. (32), (33)
and (34) do not exist on S2 [36, 37]. A concise proof of
this fact can be found in Ref. [38]. Thus, we do not have
tensor-type modes for gravitational perturbations in 3+1
dimensions. For n ≥ 3, the tensor-type perturbations
of the metric can be expanded in terms of symmetric
harmonic tensors of second rank T(lσ)ij . They obey the
following equations:
(∆ˆn + k
2
T )T
(lσ)
ij = 0, (32)
Tii(lσ) = 0, (33)
DˆjTij(lσ) = 0. (34)
The set of eigenvalues is given by
k2T = l(l + n− 1)− 2. (35)
The label l is an integer larger than or equal to 2. The
harmonic modes of the metric perturbation are written
as
h
(T ;lσ)
ab = 0, (36)
h
(T ;lσ)
ai = 0, (37)
h
(T ;lσ)
ij = 2r
2H
(l)
T T
(lσ)
ij . (38)
The quantity H
(l)
T is already gauge-invariant. It is con-
venient to introduce a new variable Φ
(l)
T by
Φ
(l)
T = r
n/2H
(l)
T . (39)
Then the perturbed Einstein equation for Φ
(l)
T reads
Φ(l)T −
VT
1− r2 Φ
(l)
T = 0, (40)
where the effective potential is
VT =
1− r2
r2
[
l(l + n− 1) + n(n− 2)
4
− n(n+ 2)
4
r2
]
. (41)
The solutions of Eq. (40) regular at the origin are given
by
Φ
(ωl)
T (t, r) = A
(ωl)
T e
−iωtrl+n/2(1− r2)iω/2
×F
(
1
2
(iω + l + n+ 1),
1
2
(iω + l); l +
n+ 1
2
; r2
)
,
(42)
where the normalization constants A
(ωl)
T will be deter-
mined later.
III. GRAVITON TWO-POINT FUNCTION
A. Quantization and the Two-Point Function
Let us explain how to construct the physical1 two-point
function in a free field theory with gauge invariance such
as linearized gravity (see, e.g. Refs. [20, 21]). Suppose
the theory is described by a Lagrangian density L, where
L is a local function of hµν and ∇λhµν . (Though we use
a symmetric tensor field theory in our explanation for
an obvious reason, the construction works for any other
linear field theories.) If there are only terms quadratic in
the derivative ∇λhµν in the Lagrangian, then the part of
the Lagrangian involving ∇λhµν is written as
Lder =
√−g
2
Kλµνλ
′µ′ν′∇λhµν∇λ′hµ′ν′ , (43)
where Kλµνλ
′µ′ν′ = Kλ
′µ′ν′λµν = Kλνµλ
′µ′ν′ , then we
define the conjugate momentum current pλµν by
pλµν = Kλµνλ
′µ′ν′∇λ′hµ′ν′ . (44)
For any two solutions hµν and h
′
µν to the Euler-Lagrange
equations and their conjugate momentum currents pλµν
and p′λµν we define their symplectic product by
Ω(h, h′) = −
∫
Σ
dΣnα(hµνp
′αµν − pαµνh′µν), (45)
where Σ is a Cauchy surface and nα is the future-directed
unit normal vector to Σ. It can readily be shown that
Ω(h, h′) is independent of the choice of Σ [39].
Now, suppose that the symplectic product Ω is non-
degenerate, i.e. that there are no solutions h
(null)
µν sat-
isfying Ω(h, h(null)) = 0 for all solutions hµν . Suppose
further that h
(n)
µν , where n represents all (continuous and
discrete) labels for solutions, and their complex conju-
gates h
(n)
µν form a complete set of solutions such that
Ω(h(n), h(m)) = 0 for all n and m — i.e. Ω is nonzero only
between h
(n)
µν and h
(m)
µν — and define the inner product
of two solutions by
〈h(m), h(n)〉 = iΩ(h(m), h(n)). (46)
Now, expand the quantum field hˆµν(y), where y repre-
sents all spacetime coordinates, as
hˆµν(y) =
∑
n
[anh
(n)
µν (y) + a
†
nh
(n)
µν (y)]. (47)
Then, the equal-time canonical commutation relations
for the operators hˆµν(y) are equivalent to
[am, a
†
n] = (M
−1)mn, (48)
1 The word “physical” is used here in the sense that all gauge
degrees of freedom are fixed.
5where M−1 is the inverse of the matrix Mmn =
〈h(m), h(n)〉, and [am, an] = [a†m, a†n] = 0.
Unfortunately, linearized gravity cannot be quantized
in this manner because the matrix M defined by Eq. (46)
is degenerate due to the gauge invariance: a pure-gauge
solution of the form h
(g)
µν = ∇µΛν + ∇νΛµ has vanish-
ing symplectic product with any solution. However, if
we fix the gauge completely so that the matrix M is non-
degenerate when restricted to the solutions satisfying the
gauge conditions, then we can expand the field operator
hˆµν(y) using only the solutions satisfying the gauge con-
ditions in Eq. (47) and quantize this field by requiring
the commutation relations given by Eq. (48). This pro-
cedure is the gauge-fixed version of the gauge-invariant
quantization formulated in Ref. [20].
Note that, if we normalize the solutions in a given
gauge by requiring Mmn = δmn in Eq. (46), then we
have [am, a
†
n] = δmn. Then, on the vacuum state |0〉
annihilated by the operators an the two-point function is
〈0|hˆµν(y)hˆµ′ν′(y′)|0〉 =
∑
n
h(n)µν (y)h
(n)
µ′ν′(y
′), (49)
for example. In the next subsections we normalize the
gravitational perturbations found in Sec. II so that we
have Mmn = δmn. This will make the construction of
the two-point function straightforward.
B. Inner Product
With a suitable normalization of the gravitational per-
turbation hµν the part of the Lagrangian density involv-
ing derivatives of hµν reads (after some integration by
parts)
L = √−g
[
∇µhµλ∇νhνλ − 1
2
∇λhµν∇λhµν
+
1
2
(∇µh− 2∇νhµν)∇µh
+ terms involving just hµν
]
. (50)
Hence, the conjugate momentum current is
pλµν :=
1√−g
∂L
∂(∇λhµν)
= gλµ∇κhκν + gλν∇κhκµ −∇λhµν
+gµν(∇λh−∇κhλκ)
−1
2
(gλν∇µh+ gλµ∇νh). (51)
Then the inner product (46) between two solutions h
(m)
µν
and h
(n)
µν is
〈h(m), h(n)〉 := −i
∫
Σ
dΣnλ
(
h
(m)
µν p
(n)λµν − h(n)µν p(m)λµν
)
,
(52)
where the integration is to be carried out on a
t = constant Cauchy surface of the static patch of de Sit-
ter space. Next we find the normalization constants such
that the inner product (52) is simply δmn (which also
involves Dirac’s delta function because ω is a continuous
label). The calculation will closely follow Ref. [40].
C. Normalization of the tensor-type modes
For the tensor-type perturbations, which we denote by
h
(T ;ωlσ)
µν , we have p(T ;ωlσ)λµν = −∇λh(T ;ωlσ)µν because
h
(T ;ωlσ)
µν given by Eqs. (36)-(38) are transverse (∇µhµν =
0) and traceless (hµµ = 0). Noting that r = 1 is the
position of the horizon, we find the inner product defined
by Eq. (52) to be
〈h(T ;ωlσ), h(T ;ω′l′σ′)〉 = (ω + ω′) lim
ρ→1
∫ ρ
0
dr
rn
1− r2
×
∫
dΩnh
(T ;ωlσ)
ij h
(T ;ω′l′σ′)ij , (53)
where dΩn integration is over the unit hypersphere S
n.
Noting that∫
dΩnT(lσ)ij T
(l′σ′)ij =
1
r4
δll
′
δσσ
′
, (54)
we have
〈h(T ;ωlσ), h(T ;ω′l′σ′)〉 = 4(ω + ω′)δll′δσσ′
× lim
ρ→1
∫ ρ
0
dr
1− r2 Φ
(ωl)
T Φ
(ω′l)
T . (55)
We have to evaluate the following integral:
Iρ = lim
ρ→1
∫ ρ
0
dr
1− r2 Φ
(ωl)
T Φ
(ω′l)
T . (56)
Using Eq. (40) satisfied by Φ
(ωl)
T and Φ
(ωl)
T , we find
ω′2 − ω2
1− r2 Φ
(ωl)
T Φ
(ω′l)
T =
d
dr
[
Φ
(ω′l)
T (1− r2)
d
dr
Φ
(ωl)
T
−Φ(ωl)T (1− r2)
d
dr
Φ
(ω′l)
T
]
. (57)
Integrating the above equation from 0 to ρ and then tak-
ing the limit ρ→ 1, we find
lim
ρ→1
∫ ρ
0
dr
1− r2 Φ
(ωl)
T Φ
(ω′l)
T =
1
ω′2 − ω2 limρ→1
[
(1− r2)
×
(
Φ
(ω′l)
T
d
dr
Φ
(ωl)
T − Φ(ωl)T
d
dr
Φ
(ω′l)
T
)]
r=ρ
, (58)
where we have used that Φ
(ωl)
T (0) = Φ
(ω′l)
T (0) = 0.
We can write, for r ≈ 1 [41],
Φ(ωl) = A
(ωl)
T
[
Blω(1− r2)−iω/2 +Blω(1− r2)iω/2
]
,
(59)
6where
Blω =
Γ(l + n+12 )Γ(iω)
Γ( 12 (l + iω))Γ(
1
2 (l + iω + n+ 1))
. (60)
Then we have
Iρ =
∫ ρ
0
dr
1− r2 Φ
(ωl)Φ(ω
′l)
=
i|A(ωl)T |2
ω′ + ω
[
Bl−ωB
l
−ω′ exp[
i
2
(ω′ + ω) ln(1− ρ2)]
− BlωBlω′ exp[−
i
2
(ω′ + ω) ln(1− ρ2)]
]
+
i|A(ωl)T |2
ω′ − ω
[
BlωB
l
−ω′ exp[
i
2
(ω′ − ω) ln(1− ρ2)]
− Bl−ωBlω′ exp[−
i
2
(ω′ − ω) ln(1− ρ2)]
]
, (61)
noting that Blω = B
l
−ω. Dropping the terms rapidly os-
cillating as functions of ω and ω′ in the ρ → 1 limit, we
find
Iρ =
2|A(ωl)T |2|Blω|2
ω′ − ω sin
[
ω′ − ω
2
ln
(
1
1− ρ2
)]
. (62)
Using that
lim
L→∞
sinLx
x
= piδ(x), (63)
we have
I1 = lim
ρ→1
Iρ = 2pi|A(ωl)T |2|Blω|2δ(ω′ − ω). (64)
Now, we choose
|A(ωl)T |2 =
1
16piω|Blω|2
,
=
sinhpiω
∣∣Γ( 12 (l + iω))Γ( 12 (l + iω + n+ 1))∣∣2
16pi2
∣∣Γ(l + n+12 )∣∣2 ,
(65)
where we have used
|Γ(iω)|2 = pi
ω sinhpiω
. (66)
Then, the inner product between two modes of the tensor
type is just
〈h(T ;ωlσ), h(T ;ω′l′σ′)〉 = δll′δσσ′δ(ω − ω′). (67)
D. Normalization of the vector-type modes
For the vector-type modes, first let us show that we
can choose a gauge such that the components hij vanish.
For a gauge transformation hµν → hµν +∇µΛν +∇νΛµ
with
Λa = 0, Λi = r
2φVi, (68)
we find
H
(l)
T → H(l)T − kV φ, (69)
f (l)a → f (l)a + rDaφ. (70)
We can readily see that F
(l)
a defined by Eq. (27) is invari-
ant under this gauge transformation. Thus, by letting
φ = H
(l)
T /kV we have H
(l)
T = 0 and F
(l)
a = f
(l)
a . This
choice of gauge leads to
h
(V ;lσ)
ai = rF
(l)
a V
(lσ)
i
=
1
rn−2
abD
b
[
rn/2Φ
(l)
V
]
V(lσ)i , (71)
h
(V ;lσ)
ab = 0, (72)
h
(V ;lσ)
ij = 0. (73)
Then, we find the (gauge-invariant) inner product (52)
for the vector-type modes as
〈h(V ;ωlσ), h(V ;ω′l′σ′)〉 = 2i
∫
dΩndrr
n
×
(
h(V ;ωlσ)bip(V ;ω
′l′σ′)t
bi
−h(V ;ω′l′σ′)bip(V ;ωlσ)tbi
)
,(74)
where p(V ;ωlσ) is expressed in terms of h(V ;ωlσ) in
Eq. (A3). We substitute Eq. (A3) and use Eq. (71) in
Eq. (74). After a cumbersome but straightforward cal-
culation involving integration by parts with respect to r
and the use of the master equation (29) to eliminate the
second-order time derivative of the master variable, we
find
〈h(V ;ωlσ), h(V ;ω′lσ′)〉 = 2(ω + ω′)δll′δσσ′(l − 1)(l + n)
×
∫
dr
1− r2 Φ
(ωl)
V Φ
(ω′l)
V . (75)
The details of this calculation can be found in Ap-
pendix A. We then require that h
(V ;ωlσ)
µν satisfy the same
normalization condition as h
(T ;ωlσ)
µν , i.e. Eq. (67), to de-
termine the normalization constants A
(ωl)
V . With the
same reasoning as in the tensor case we find
|A(ωl)V |2 =
sinhpiω
∣∣Γ( 12 (iω + l + 1))Γ( 12 (iω + l + n))∣∣2
8pi2(l − 1)(l + n) ∣∣Γ(l + n+12 )∣∣2 .
(76)
E. Normalization of the scalar-type modes
Now, we shall find the normalization factors A
(ωl)
S for
the scalar-type modes. We first choose a convenient
7gauge. Under the gauge transformation with the gauge
function Λµ given by
Λa = ψa(t, r)S, (77)
Λi = φ(t, r)Si, (78)
one finds that the gauge-dependent functions transform
as [33]
f
(l)
ab → f (l)ab +Daψb +Dbψa, (79)
f (l)a → f (l)a + rDa
(
φ
r2
)
− kS
r
ψa, (80)
H
(l)
T → H(l)T −
kS
r2
φ, (81)
H
(l)
L → H(l)L +
kSφ
nr2
+
Dar
r
ψa. (82)
Hence by choosing
φ =
r2
kS
H
(l)
T , (83)
ψa = r
(
1
kS
f (l)a +
r
k2S
DaH
(l)
T
)
, (84)
we can set the functions f
(l)
a and H
(l)
T to zero. Then the
perturbations will be
h
(S;lσ)
ai = 0, (85)
h
(S;lσ)
ab = F
(l)
ab S
(lσ), (86)
h
(S;lσ)
ij = 2r
2γijF
(l)S(lσ), (87)
where F (l) and F
(l)
ab are given in terms of the master
variable Φ
(l)
S by Eqs. (17) and (18), respectively.
The conserved inner product (52) with the conjugate
momentum current defined by Eq. (51) can be found as
〈h(S;lσ), h′(S;lσ)〉 = −2i
∫
Σ
dΣnaJ
a, (88)
where the conserved current Ja is given by
Ja = S(l
′σ′)S(lσ)
[
2
r
Dcr
(
F (l)abF
(l′)
bc − F (l
′)abF
(l)
bc
)
−1
2
(
F (l)bcDaF
(l′)
bc − F (l
′)bcDaF lbc
)
+2(2− n)
(
F (l)DaF (l
′) − F (l′)DaF (l)
)]
. (89)
Though it would be possible to express the inner prod-
uct (88) in terms of Φ
(l)
S directly in the static coordinate
system, it is much easier to do so if we use the Eddington-
Finkelstein coordinates and evaluate it on the future hori-
zon. Thus, we define the new coordinate
u = t− 1
2
log
1 + r
1− r . (90)
This coordinate ranges over all real values. The line ele-
ment of the orbit spacetime becomes
ds2orb = −(1− r2)du2 − 2dudr. (91)
We note that a further coordinate transformation, u =
− log(ρ− η) and r = −ρ/η, would result in the standard
metric in the Poincare´ patch, ds2 = η−2(−dη2 + dρ2 +
ρ2dσ2n), with 0 ≤ ρ and η < 0. From this we see that the
r =c˙onstant hypersurface with r > 1 is almost a Cauchy
surface. It is not quite a Cauchy surface because the
timelike line ρ = 0 does not intersect it. However, we
expect the data on this hypersuface completely describe
the gravitational perturbations because only one point
in the future infinity is removed from it. We work un-
der this assumption. We calculate the symplectic inner
product only for the perturbations that tend to zero as
u→ ±∞ so that we can integrate by parts with respect
to u. We believe this is sufficient because perturbations
not satisfying this condition can be considered as limiting
cases of those satisfying them.
On the future cosmological horizon we have ds2orb =−2dudr with −∞ < u <∞. Hence, if Σ is the constant-r
hypersurface, then in the limit r → 1, i.e. as it approaches
the future cosmological horizon, we have
lim
r→1
dΣnλ = dΩndu
(
∂
∂u
)λ
. (92)
Thus, the inner product (88) can be evaluated on the
future cosmological horizon as
〈h(S;lσ), h′(S;lσ)〉 = −2i
∫
dΩnduJu. (93)
One can readily see that the first term in the conserved
current (89) does not contribute because, on the horizon,
we have Dar = −(∂/∂u)a and
(∂/∂u)aD
cr
(
F (l)abF
(l′)
bc − F (l
′)abF
(l)
bc
)
= 0. (94)
(This equality follows just from the fact that F
(l)
ab is a
symmetric tensor on the two-dimensional orbit space-
time.) Then, after dropping terms that are total deriva-
tives with respect to u, which do not contribute in the
integral (93), we find that the current Ju on the horizon
can be written as
Ju =
[
2F
(l)
rr ∂uF
(l′)
uu − 2F (l
′)
rr ∂uF
(l)
uu
−4F (l)rr F (l′)uu + 4F (l
′)
rr F
(l)
uu
+2n(n− 2)
(
F (l)∂uF
(l′) − F (l′)∂uF (l)
)]
×S(lσ)S(l′σ′), (95)
where the relation F (l)aa = −2(n − 2)F (l), which can
readily be verified using Eqs. (17) and (18), has been
used. On the horizon we find from Eqs. (17) and (18)
F (l)rr = DrDr(r
n/2Φ
(l)
S ) = ∂
2
r (r
n/2Φ
(l)
S ), (96)
F (l)uu = DuDu(r
n/2Φ
(l)
S ) = (∂
2
u − ∂u)Φ(l)S , (97)
F (l) =
r2−n
2n
(+ 2)(rn/2Φ(l)S )
= −1
2
[
(∂u + 1)
(
1 +
2
n
∂r
)
− 2
n
]
Φ
(l)
S , (98)
8where we have used  = 2(∂u + 1)∂r on the horizon. We
substitute these formulae into Eq. (95) and use Eq. (11)
satisfied by Φ
(l)
S on the horizon. We then find
Ju =
n− 1
n
l(l − 1)(l + n− 1)(l + n)
×(Φ(l)S ∂uΦ(l
′)
S − Φ(l
′)
S ∂uΦ
(l)
S )S(lσ)S
(l′σ′). (99)
Details of this calculation can be found in Appendix B.
The inner product is obtained by substituting Eq. (99)
into Eq. (93). This inner product can be rewritten as
〈h(S;ωlσ), h(S;ω′l′σ′)〉 = i (n− 1)l(l − 1)(l + n− 1)(l + n)
n
× lim
r→1
∫
dΣnλS(lσ)S(l
′σ′)
×(Φ(ωl)S ∂λΦ(ω
′l)
S − Φ(ω
′l)
S ∂λΦ
(ωl)
S ).
(100)
Now, evaluating this on a t = constant Cauchy surface in
the original tr coordinates, we have
〈h(S;ωlσ), h(S;ω′l′σ′)〉 = i l(l − 1)(l + n− 1)(l + n)(n− 1)
n
×δll′δσσ′
∫ 1
0
dr
1− r2 (Φ
(ωl)
S ∂tΦ
(ω′l)
S − Φ(ω
′l)
S ∂tΦ
(ωl)
S ). (101)
We then require the same normalization condition as in
the tensor case, i.e. Eq. (67). Then the normalization
constants A
(ωl)
S defined by Eq. (19) can be determined as
|A(ωl)S |2
=
n sinhpiω
∣∣Γ( 12 (iω + l + 2))Γ( 12 (iω + l + n− 1))∣∣2
2pi2(n− 1)l(l − 1)(l + n− 1)(l + n) ∣∣Γ(l + n+12 )∣∣2 .
(102)
F. Infrared finite two-point function
In this subsection we write down the graviton two-
point function in the state analogous to the Bunch-Davies
vacuum in the gauge we have chosen. Let us first recall
the normalized mode functions we obtained. The tensor-
type modes are
h
(T ;ωlσ)
ij = 2r
(4−n)/2Φ(ωl)T T
(lσ)
ij , (103)
with all other components vanishing, where Φ
(ωl)
T is given
by Eq. (42) with the normalization constants given by
Eq. (65). The vector-type modes are given by
h
(V ;ωlσ)
ai =
1
rn−2
abD
b
(
rn/2Φ
(ωl)
V
)
V(lσ)i , (104)
with all other components vanishing. The master vari-
able Φ
(ωl)
V is given by Eq. (31) with the normalization
constant A
(ωl)
V given by Eq. (76). Finally, the scalar-type
modes are given by
h
(S;ωlσ)
ai = 0, (105)
h
(S;ωlσ)
ab = r
2−n
{
DaDb(r
n/2Φ
(ωl)
S )
−
(
n− 1
n
+ n− 2
n
)
rn/2Φ
(ωl)
S gab
}
S(lσ),
(106)
h
(S;ωlσ)
ij =
r4−n
n
γij(+ 2)(rn/2Φ(ωl)S )S(lσ), (107)
where Φ
(ωl)
S is given by Eq. (19) with the normalization
constants A
(ωl)
S given by Eq. (102).
Let us first examine the low-ω behavior of the normal-
ized mode functions h
(T ;ωlσ)
µν , h
(V ;ωlσ)
µν and h
(S;ωlσ)
µν , which
coincides with the behavior of the master variables Φ
(ωl)
T ,
Φ
(ωl)
V and Φ
(ωl)
S . We readily find that they all behave like
ω1/2 in the limit ω → 0 since l ≥ 2. This is to be con-
trasted with the behavior of the normalized minimally-
coupled massless-scalar modes, which behave like ω−1/2
for l = 0, as shown in Appendix C. It is interesting to
note that the normalization constants A
(ωl)
T are the same
as those for the minimally-coupled massless-scalar modes
for each l. The only difference is that the angular momen-
tum quantum number l is restricted to be greater than
or equal to 2 for the gravitational perturbations whereas
in the massless-scalar case it can take the value l = 0,
which is responsible for the IR divergences as shown in
Appendix C.
Now, it is well known that the vacuum state with
the two-point function (49) is unphysical because it will
have singularities in the stress-energy tensor on the hori-
zon. This state is analogous to the Rindler vacuum [42]
in Minkowski space and the Boulware vacuum [43] in
Schwarzschild spacetime. A physically acceptable state
is the de Sitter-invariant Bunch-Davies state [24], which
is the thermal state with temperature H/2pi [29], where
H is the Hubble constant. This state is analogous to
the Hartle-Hawking state [44] in Schwarzschild space-
time. (Strictly speaking, this result has been shown ex-
plicitly only for scalar field, but it is expected that, for
example, a general proof of Kay and Wald [45] can be
extended to the graviton field with a suitable definition
of the Hadamard state [20].)
Now, we expand the graviton field hˆµν(y) as in
Eq. (47):
hˆµν(y) =
∑
P=S,V,T
∞∑
l=2
∑
σ
∫ ∞
0
dω
[
a
(P )
lσ (ω)h
(P ;ωlσ)
µν (y)
+a
(P )†
lσ (ω)h
(P ;ωlσ)
µν (y)
]
. (108)
(There is no tensor-type contribution for n = 2.) In the
thermal state of temperature 1/2pi — recall that we have
9set H = 1 — we have
〈a(P )†lσ (ω)a(P
′)
l′σ′ (ω
′)〉 = 1
e2piω − 1δ
PP ′δll
′
δσσ
′
δ(ω − ω′),
(109)
〈a(P )lσ (ω)a(P
′)†
l′σ′ (ω
′)〉 = 1
1− e−2piω δ
PP ′δll
′
δσσ
′
δ(ω − ω′),
(110)
with 〈a(P )lσ (ω)a(P
′)
l′σ′ (ω
′)〉 = 〈a(P )†lσ (ω)a(P
′)†
l′σ′ (ω
′)〉 = 0.
Thus, we find the graviton two-point function to be〈
hˆµν(y)hˆµ′ν′(y
′)
〉
=
∑
P=S,V,T
∞∑
l=2
∑
σ
∫ ∞
0
dω
×
{
1
e2piω − 1h
(P ;ωlσ)
µν (y)h
(P ;ωlσ)
µ′ν′ (y
′)
+
1
1− e−2piω h
(P ;ωlσ)
µν (y)h
(P ;ωlσ)
µ′ν′ (y
′)
}
.
(111)
As we have seen, all mode functions h
(P ;ωlσ)
µν (y) tend to
zero as ω → 0 like ω1/2. Hence, the two-point function
(111) computed in the Bunch-Davies-like state is finite
in the infrared. Note that the two-point function for
the minimally-coupled massless scalar field, which takes
a similar form, is IR-divergent (even if there were no ther-
mal factors) because the l = 0 mode functions behaves
like ω−1/2 in the limit ω → 0 (cf. Appendix C).
IV. MODE FUNCTIONS AND THE
TWO-POINT FUNCTION IN 3 + 1 DIMENSIONS
In this Section we present some of our results in four
dimensions, i.e. with harmonic expansion on S2. As we
pointed out before, there are no tensor-type modes in
3 + 1 dimensions. The scalar-type modes will be given in
terms of the usual scalar spherical harmonics Y (l,m)(θ, φ).
Note that we have only one additional label other than l.
Therefore, perturbations of the scalar type in the gauge
we have chosen read
h
(S;ωlm)
ai = 0, (112)
h
(S;ωlm)
tt =
Y (l,m)(θ, φ)
2
× [∂2t + (1− r2)2∂2r ] (rΦ(ωl)S ), (113)
h(S;ωlm)rr =
Y (l,m)(θ, φ)
2
×
[
∂2r +
1
(1− r2)2 ∂
2
t
]
(rΦ
(ωl)
S ), (114)
h
(S;ωlm)
tr = Y
(l,m)(θ, φ)
×
[
∂r∂t +
r
1− r2 ∂t
]
(rΦ
(ωl)
S ), (115)
h
(S;ωlm)
ij =
r2Y (l,m)(θ, φ)
2
γij(+ 2)(rΦ(ωl)S ),(116)
with γij given by the usual metric on the S
2, described
by the line element:
dσ22 = dθ
2 + sin2 θdφ2. (117)
The function Φ
(ωl)
S is now:
Φ
(ωl)
S (t, r) = A
(ωl)
S e
−iωtrl+1(1− r2)iω/2
×F
(
1
2
(iω + l + 1),
1
2
(iω + l + 2); l +
3
2
; r2
)
.
(118)
The normalization constants take a much simpler form:
|A(ωl)S |2 =
sinhpiω
∣∣Γ( 12 (iω + l + 2))Γ( 12 (iω + l + 1))∣∣2
pi2(l − 1)l(l + 1)(l + 2) ∣∣Γ(l + 32 )∣∣2 .
(119)
The solutions to Eqs. (20) and (21) for the vector har-
monics on the S2 can be written as [36, 38]:
Y
(l,m)
i (θ, φ) =
ij√
l(l + 1)
∂jY (l,m)(θ, φ), (120)
where ij is the totally antisymmetric tensor defined by:
θθ = φφ = 0, (121)
θφ = −φθ = sin θ. (122)
Then, the vector-type perturbations are given by
h
(V ;ωlm)
ti = Y
(l,m)
i (θ, φ)(1− r2)∂r
(
rΦ
(ωl)
V
)
, (123)
h
(V ;ωlm)
ri =
Y
(l,m)
i (θ, φ)
1− r2 ∂t
(
rΦ
(ωl)
V
)
, (124)
with all other components vanishing. The master vari-
able Φ
(ωl)
V is given by
Φ
(ωl)
V (t, r) = A
(ωl)
V e
−iωtrl+1(1− r2)iω/2
×F
(
1
2
(iω + l + 1),
1
2
(iω + l + 2); l +
3
2
; r2
)
,
(125)
where the normalization constants A
(ωl)
V are now
|A(ωl)V |2 =
sinhpiω
∣∣Γ( 12 (iω + l + 1))Γ( 12 (iω + l + 2))∣∣2
8pi2(l − 1)(l + 2) ∣∣Γ(l + 32 )∣∣2 .
(126)
We note that Φ
(ωl)
S and Φ
(ωl)
V are essentially the same,
with the precise relation between them being
Φ
(ωl)
V =
l(l + 1)
8
Φ
(ωl)
S . (127)
Next, we simplify our graviton two-point function in
3 + 1 dimensions. Let us first consider the contribu-
tion from the scalar-type modes. We define the follow-
ing tensor differential operators motivated by how the
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mode functions h
(S;ωlω)
µν are given in terms of Φ
(ωl)
S (see
Eqs. (113)-(116)):
D(S)tt =
1
2
[∂2t + (1− r2)2∂2r ], (128)
D(S)rr =
1
2
[
∂2r +
1
(1− r2)2 ∂
2
t
]
, (129)
D(S)tr = ∂r∂t +
r
1− r2 ∂t, (130)
D(S)ij =
r2
2
γij(+ 2), (131)
with all other components vanishing. If θ′ = 0 in y′ =
(t′, r′, θ′, φ′), then the contribution to the graviton two-
point function (111) with n = 2 from the scalar-type
modes reads
∆
(S)
µνµ′ν′(y, y
′) = D(S)µν D(S)µ′ν′G(y, y′), (132)
where
G(y, y′) =
∞∑
l=2
Y (l,0)(θ′ = 0, φ′)Y (l,0)(θ, φ)
∫ ∞
0
dω
×
rΦ(ωl)S (t, r)r′Φ(ωl)S (t′, r′)
e2piω − 1
+
rΦ
(ωl)
S (t, r)r
′Φ(ωl)S (t
′, r′)
1− e−2piω
 , (133)
because Y (l,m)(θ′ = 0, φ′) = 0, unless m = 0. We shall
find a simplified expression for G(y, y′) next.
It is well known [24] that the two-point function for the
conformally-coupled massless scalar field (i.e. M2 = 2)
is
∆(c)(y, y′) =
1
8pi2(1− cosµ(y, y′) + i(t− t′)) , (134)
where µ(y, y′) is the geodesic distance between the two
points y = (t, r, θ, φ) and y′ = (t′, r′, θ′, φ′) if they
are spacelike separated. For timelike separation of the
points, cosµ(y, y′) = coshµT (y, y′), where µT (y, y′) is
the timelike geodesic distance of the two points. The
term i(t−t′), where  is an infinitesimal positive number,
indicates how the singularity at µ(y, y′) = 0 is avoided.
This two-point function can be expressed in the static
patch (by using Appendix C) as follows:
∆(c)(y, y′) =
∞∑
l=0
l∑
m=−l
Y (l,m)(θ, φ)Y (l,m)(θ′, φ′)
×
∫ ∞
0
dω|N (ωl)|2Rωl(r)Rωl(r′)
×
[
eiω(t−t
′)
e2piω − 1 +
e−iω(t−t
′)
1− e−2piω
]
, (135)
where
|N (ωl)|2 = sinhpiω
4pi2
×
∣∣Γ( 12 (iω + l + 1))Γ( 12 (iω + l + 2))∣∣2∣∣Γ(l + 32 )∣∣2 , (136)
Rωl(r) = r
l(1− r2)iω/2
×F
(
1
2
(iω + l + 1),
1
2
(iω + l + 2); l +
3
2
; r2
)
.
(137)
We have used the fact that Rωl(r) and∑l
m=−l Y (l,m)(θ, φ)Y
(l,m)(θ′, φ′) are both real. No-
tice that by Eq. (119) we have
|A(ωl)S |2 =
4|N (ωl)|2
(l − 1)l(l + 1)(l + 2) . (138)
We multiply Eq. (135) by Y (l,0)(θ′, φ′) and integrate over
S2. Using Eq. (138) we find by the orthonormality of the
spherical harmonics
rr′
2pi2(l − 1)l(l + 1)(l + 2)
×
∫
dφ′dθ′ sin θ′
Y (l,0)(θ′, φ′)
1− cosµ(y, y′) + i(t− t′)
=
∫ ∞
0
dω
Φ(ωl)S (t, r)Φ(ωl)S (t′, r′)
e2piω − 1
+
Φ
(ωl)
S (t, r)Φ
(ωl)
S (t
′, r′)
1− e−2piω
Y (l,0)(θ, φ). (139)
Hence, by using the formula
Y (l,0)(θ, φ) =
√
2l + 1
4pi
Pl(cos θ), (140)
we obtain
(2l + 1)rr′
8pi3(l − 1)l(l + 1)(l + 2)
×
∫
dφ′dθ′ sin θ′
Pl(cos θ
′)
1− cosµ(y, y′) + i(t− t′)
=
∫ ∞
0
dω
Φ(ωl)S (t, r)Φ(ωl)S (t′, r′)
e2piω − 1
+
Φ
(ωl)
S (t, r)Φ
(ωl)
S (t
′, r′)
1− e−2piω
Y (l,0)(θ′ = 0, φ′)Y (l,0)(θ, φ).
(141)
By comparing this expression and Eq. (133) we find
G(y, y′) = r2r′2
∫
dφ′dθ′ sin θ′
Q(θ′)
1− cosµ(y, y′) + i(t− t′) ,
(142)
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where
Q(θ′) =
1
8pi3
∞∑
l=2
2l + 1
(l − 1)l(l + 1)(l + 2)Pl(cos θ
′). (143)
It can be shown that this series is convergent for all θ′.
Next, let us examine the contribution of the vector-
type modes. If we let θ′ = 0 again, then it can be shown
that only the modes with |m| = 1 contribute. We note
first that∑
m=±1
Y (l,m)(θ, φ)Y (l,m)(θ′, φ′)
=
2l + 1
2pil(l + 1)
P1l (cos θ)P
1
l (cos θ
′) cos(φ− φ′). (144)
We choose φ′ = 0. This means that the θ′-direction and
φ′-direction are identified with the x′- and y′-directions,
respectively, in the cartesian coordinates. We denote the
unit vectors in the x′- and y′-directions by eˆ(x)i′ and eˆ
(y)
i′ ,
respectively. For small θ′ we have [41]
P 1l (cos θ
′) ≈ − l(l + 1)
2
sin θ′. (145)
Then, for θ′ → 0 and φ′ → 0 we find
i′j′∂
j′ [P 1l (cos θ
′) cos(φ− φ′)]→ l(l + 1)
2
e
(φ)
i′ , (146)
where
e
(φ)
i′ = −e(x)i′ sinφ+ e(y)i′ cosφ. (147)
Then, by Eq. (120) we obtain∑
m=±1
Y
(l,m)
i (θ, φ)Y
(l,m)
i′ (θ
′ = 0, φ′ = 0)
=
2l + 1
4pil(l + 1)
ij∂
j
[
P1l (cos θ)eˆ
(φ)
i′
]
=
1
l(l + 1)
ij∂
j ∂
∂θ
[
Y (l,0)(θ, φ)Y (l,0)(θ′ = 0, φ′ = 0)eˆ(φ)i′
]
.
(148)
We now define the following differential operators mo-
tivated by how the vector-type modes are given in terms
of Φ
(ωl)
V :
D(V )t = (1− r2)∂r, (149)
D(V )r =
1
1− r2 ∂t. (150)
Then the contribution of the vector-type modes to our
graviton two-point function can be given as
∆
(V )
aia′i′(y, y
′) = D(V )a D(V )a′ Fii′(y, y′) (151)
with all other components vanishing, where
Fii′(y, y
′) =
∞∑
l=2
∑
m=±1
Y
(l,m)
i (θ, φ)Y
(l,m)
i′ (θ
′ = 0, φ′ = 0)
×
∫ ∞
0
dω
rΦ(ωl)V (t, r)r′Φ(ωl)V (t′, r′)
e2piω − 1
+
rΦ
(ωl)
V (t, r)r
′Φ(ωl)V (t
′, r′)
1− e−2piω
 . (152)
By substituting Eq. (127) into this equation, using
Eq. (148) and then using the definition (133) of G(y, y′)
we obtain
Fii′(y, y
′) =
1
8
ij∂
j
[
∂θG(y, y
′)eˆ(φ)i′
]
. (153)
In summary, if θ′ = 0 in y′ = (t′, r′, θ′, φ′), then our
graviton two-point function in 3 + 1 dimensions is given
by
∆µνµ′ν′(y, y
′)
= D(S)µν D(S)µ′ν′G(y, y′)
+
1
2
δa{µδ
i
ν}δ
a′
{µ′δ
i′
ν′}D(V )a D(V )a′ ij∂j
[
∂θG(y, y
′)eˆ(φ)i′
]
,
(154)
where {...} indicates symmetrization. (This result is in-
dependent of the choice of φ′.) The differential opera-
tors D
(S)
µν and D
(V )
a are defined by Eqs. (128)-(131) and
Eqs. (149)-(150), respectively, the function G(y, y′) is de-
fined by Eq. (142) in terms of the function Q(θ′) defined
by Eq. (143), and the vector e
(φ)
i′ is defined by Eq. (147).
V. CONCLUDING REMARKS
In this paper we studied gravitational perturbations in
the static patch, i.e. inside the cosmological horizon, of
de Sitter space. In particular, we used a gauge-invariant
formalism to construct the perturbations and found the
symplectic inner product among these perturbations and
the graviton two-point function with the gauge degrees
of freedom fully fixed. This two-point function (111) was
found to be finite in the infrared because the normalized
perturbations h
(P ;ωlσ)
µν behave like ω1/2 as ω → 0. By
construction this IR-finite two-point function is invariant
under a de Sitter boost which is the time translation with
respect to the timelike Killing vector in the static patch
of de Sitter space.
We note that the IR-divergent two-point function in
the Poincare´ patch grows as a function of time. The
IR-finite two-point function in the global patch [26] also
grows as a function of time if the two points are kept at a
12
fixed physical distance 2. In contrast, the IR-finite two-
point function obtained in this paper is invariant under
time translation as mentioned above and, hence, does not
grow as a function of time.
There have been many works reporting that de Sitter
invariance is broken due to IR gravitons. For example,
it is claimed in Refs. [46–48] that the Hubble constant
would decrease in time because of IR gravitons. (See
Refs. [49, 50] for a criticism of these works and the rebut-
tal.) There are also other works finding IR growth of ge-
ometrical fluctuations in inflationary spacetimes [51–53].
It is also claimed that some coupling constants change
in time in de Sitter background due to IR divergences of
graviton propagators [54–57].
On the other hand, there are some works that sug-
gest that even the IR divergences of minimally-coupled
massless scalar field have little physical effect in inflation-
ary cosmology [58–63]. Recently it has been suggested
that this conclusion will extend to linearized gravity [64].
One-loop matter effects on the semi-classical Einstein
equations have also been studied in detail with the result
that the de Sitter background is stable at least against
small metric perturbations [65, 66].
The reported de Sitter breaking effects in the Poincare´
patch described above are caused by interactions, but
the symmetry breaking mechanism relies heavily on the
de Sitter breaking already present in the propagator in
the Poincare´ patch due to IR divergences. Therefore,
the IR-finite and time-translation invariant graviton two-
point function found in this paper appears to be in con-
flict with these claims of de Sitter breaking. (We note
that the static patch is the part of the Poincare´ patch
that is causally accessible to a free-falling observer and,
hence, is relevant to the inflationary cosmology.) In this
respect we believe that the “scheme dependence” in some
of the de Sitter-breaking results [67] should be investi-
gated further.
In resolving the issue of whether or not there are gauge-
invariant de Sitter breaking effects due to IR gravitons,
it would be useful to develop perturbation theory for the
gravitational field in the covariant point of view. Some
progress has been made in the covariant analysis of scalar
field theory [68–74]. It will be interesting to extend these
results to perturbation theory for the gravitational field.
As noted in Ref. [75] the static patch is closely related
to the Euclidean quantum field theory, which in turn is
related to the covariant approach to de Sitter physics.
We believe that our results will be useful in construct-
ing the interacting field theory of gravity in the static
patch, which is both physically relevant and related to
the covariant approach to perturbative quantum gravity
in de Sitter space.
2 We thank Steve Giddings for pointing this out.
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Appendix A: Calculation of the inner product for
the vector-type modes
As the vector-type perturbations are traceless (hµµ =
0), the conjugate momentum current is just:
p(V )λµν = gλµ∇κh(V )κν + gλν∇κh(V )κµ
−gµν∇κh(V )λκ −∇λh(V )µν . (A1)
The inner product for the vector case can be written as:
〈h(V ;ωlσ), h(V ;ω′l′σ′)〉 = 2i
∫
Σ
dΩndrr
n
×
(
h(V ;ωlσ)bip(V ;ω
′l′σ′)t
bi
−h(V ;ω′l′σ′)bip(V ;ωlσ)tbi
)
(A2)
with p(V ;ωlσ) given by
p(V ;ωlσ)abi = δ
a
bg
ρν∇ρh(V ;ωlσ)νi − gac∇ch(V ;ωlσ)bi
= δab
(
gcdDch
(V ;ωlσ)
di +
nDcr
r
h
(V ;ωlσ)
ci
)
−gac
(
Dch
(V ;ωlσ)
bi −
Dcr
r
h
(V ;ωlσ)
bi
)
. (A3)
We have
h(V ;ωlσ)bip(V ;ω
′l′σ′)a
bi = −
V(lσ)iV(l
′σ′)
i
rn−2
DeΩ
(ωl)
V 
be
×
{
δab
[
dfg
cdDc
(
DfΩ
(ω′l′)
V
rn−2
)
+ ncf
DcrDfΩ
(ω′l′)
V
rn−1
]
−gac
[
bfDc
(
DfΩ
(ω′l′)
V
rn−2
)
− bf DcrD
fΩ
(ω′l′)
V
rn−1
]}
, (A4)
where Ω
(ωl)
V = r
n/2Φ
(ωl)
V . This can be simplified as
h(V ;ωlσ)bip(V ;ω
′l′σ′)a
bi =
V(lσ)iV(l
′σ′)
i
rn−2
DeΩ
(ωl)
V
×
(
DeD
aΩ
(ω′l′)
V
rn−2
+ 2
DerD
aΩ
(ω′l′)
V
rn−1
−nD
arDeΩ
(ω′l′)
V
rn−1
− D
arDeΩ
(ω′l′)
V
rn−1
)
. (A5)
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Now we calculate the integral
I(ΩV ,Ω
′
V ) = 2i
∫
Σ
dΩndrr
nh(V ;ωlσ)bip(V ;ω
′l′σ′)t
bi (A6)
= 2iδll
′
δσσ
′
[∫ 1
0
dr∂tΩ
(ωl)
V
×
(
∂t∂
t
rn−2
+ Γttr
∂r
rn−2
)
Ω
(ω′l)
V +
∫ 1
0
dr∂rΩ
(ωl)
V
×
(
∂r∂
t
rn−2
+ Γtrt
∂t
rn−2
+ 2
∂t
rn−1
)
Ω
(ω′l)
V
]
, (A7)
where we used the fact that
∫
dΩnV(lσ)iV(l
′σ′)
i =
1
r2 δ
ll′δσσ
′
.
We use the following equation to eliminate the term
∂t∂
tΩ
(ω′l)
V in Eq. (A7):
∂t∂
tΩ
(ω′l)
V
rn−2
= −∂r
(
∂rΩ
(ω′l)
V
rn−2
)
+ 2
∂rΩ
(ω′l)
V
rn−1
+
[l(l + n− 1)− n]Ω(ω′l)V
rn
. (A8)
We multiply this equation by ∂tΩ
(ωl)
V and integrate with
respect to r. We use integration by parts for the second
term, dropping the boundary term because it oscillates
rapidly as a function of ω and ω′ unless ω = ω′ and
hence can be neglected as a distribution of ω and ω′. We
substitute the resulting expression into Eq. (A7) and find
the inner product as:
〈h(V ;ωlσ), h(V ;ω′l′σ′)〉 = I(ΩV ,Ω′V )− I(Ω′V ,ΩV ) (A9)
= 2iδll
′
δσσ
′
(l − 1)(l + n)
∫ 1
0
dr
×Ω
(ω′l)
V ∂
tΩ
(ωl)
V − Ω(ωl)V ∂tΩ(ω
′l)
V
rn
,
(A10)
i.e.
〈h(V ;ωlσ), h(V ;ω′l′σ′)〉 = 2iδll′δσσ′(l − 1)(l + n)
×
∫ 1
0
dr
1− r2 (Φ
(ωl)
V ∂tΦ
(ω′l)
V − Φ(ω
′l)
V ∂tΦ
(ωl)
V ).(A11)
From this equation we find the normalization constants
A
(ωl)
V in Eq. (76) in the same way as in the tensor case.
Appendix B: Calculation of the inner product for
the scalar-type modes
As we stated in Sec. III E, we evaluate the inner prod-
uct for the scalar-type modes on the future horizon. Let
us first derive Eq. (92) on the future horizon. A future-
pointing vector orthogonal to an r =c˙onstant hypersur-
face, which is spacelike if r > 1, is −∇ar. Then, the unit
future pointing normal vector is
na = (r2 − 1)−1/2∇ar
= (r2 − 1)−1/2
(
∂
∂u
)a
+ (r2 − 1) 12
(
∂
∂r
)a
.(B1)
Now, the surface element of this hypersurface is
dΣ = dΩndu(r
2 − 1)1/2. (B2)
Hence
dΣna = dΩndu
[(
∂
∂u
)a
+ (r2 − 1)
(
∂
∂r
)a]
. (B3)
Clearly, in the limit r → 1 we have
lim
r→1
dΣna = dΩndu
(
∂
∂u
)a
, (B4)
which is Eq. (92).
Now, to express the conserved current in terms of the
master variable Φ
(l)
S , we first simplify Eq. (98), which
expresses F (l) in terms of Φ
(l)
S , using the field equation
(11), which reads on the horizon
Φ(l)S = 2(∂u + 1)∂rΦ
(l)
S = An,lΦ
(l)
S , (B5)
with
An,l = (l + 1)(l + n− 2), (B6)
as
F (l) = −1
2
(
∂u + 1− An,l
n
− 2
n
)
Φ
(l)
S . (B7)
Then we find
F (l)∂uF
(l′) =
1
4
(
∂u + 1− 2
n
− An,l
n
)
Φ
(l)
S
×∂u
(
∂u + 1− 2
n
− An,l
n
)
Φ
(l′)
S
≈ −∂uΦ
(l′)
S
4
×
[
∂2u −
(
1− 2
n
− An,l
n
)2]
Φ
(l)
S . (B8)
Here we indicated the equivalence up to a total derivative
with respect to u by ≈ because we will integrate this
quantity over u to obtain the symplectic product between
two scalar-type modes that tend to zero as u→ ±∞.
Similarly we find
2F
(l)
rr ∂uF
(l′)
uu − 4F (l)rr F (l
′)
uu ≈ 2∂uΦ(l
′)
S (∂
2
u + 3∂u + 2)
×
(
∂2r + n∂r +
n(n− 2)
4
)
Φ
(l)
S , (B9)
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so that
2F
(l)
rr ∂uF
(l′)
uu − 4F (l)rr F (l
′)
uu + 2n(n− 2)F (l)∂uF (l
′)
≈ 2∂uΦ(l
′)
S (∂u + 1)(∂u + 2)(∂
2
r + n∂r)Φ
(l)
S
+
3n(n− 2)
2
∂uΦ
(l′)
S ∂uΦ
(l)
S
+n(n− 2)Φ(l)S ∂uΦ(l
′)
S
+
n(n− 2)
2
(
1− 2
n
− An,l
n
)2
Φ
(l)
S ∂uΦ
(l′)
S . (B10)
We can rewrite the first term, using Eq. (B5), as
2∂uΦ
(l′)
S (∂u + 1)(∂u + 2)(∂
2
r + n∂r)Φ
(l)
S
= 2∂uΦ
(l′)
S (∂u + 1)(∂u + 2)(∂
2
r + 2∂r)Φ
(l)
S
−(n− 2)An,l∂uΦ(l
′)
S (∂u + 2)Φ
(l)
S . (B11)
Substituting this equation into Eq. (B10), we find
2F
(l)
rr ∂uF
(l′)
uu − 4F (l)rr F (l
′)
uu + 2n(n− 2)F (l)∂uF (l
′)
≈ 2∂uΦ(l
′)
S (∂u + 1)(∂u + 2)(∂
2
r + 2∂r)Φ
(l)
S
+
[
3n(n− 2)
2
− (n− 2)An,l
]
∂uΦ
(l′)
S ∂uΦ
(l)
S
+
[
2− 4An,l
n
+
(
1− 2
n
− An,l
n
)2]
×n(n− 2)
2
Φ
(l)
S ∂uΦ
(l′). (B12)
Now we note that
1
2
[
(r2Φ(l)S )− 2Φ(l)S
]
= 2(∂u + 1)(∂u + 2)
×(∂2r + 2∂r)Φ(l)S . (B13)
To calculate (r2Φ(l)S ), we write
Φ(l)S =
Bn,l + Cn,lr
2
r2
Φ
(l)
S , (B14)
with
Bn,l =
1
4
[4l(l + n− 1) + n(n− 2)] (B15)
and
Cn,l = − (n− 2)(n− 4)
4
. (B16)
It is important not to let r = 1 in Eq. (B14) because
we are going to differentiate this expression with respect
to r. Then, we have, noting that An,l = Bn,l + Cn,l for
r = 1,
(r2Φ(l)S ) = (A2n,l − 4Cn,l)Φ(l)S − 4Cn,l∂uΦ(l)S . (B17)
Substituting Eq. (B17) into Eq. (B13) and using the re-
sulting expression in Eq. (B12), we obtain
2F
(l)
rr ∂uF
(l′)
uu − 4F (l)rr F (l
′)
uu + 2n(n− 2)F (l)∂uF (l
′)
≈
{
A2n,l
2
−An,l − 2Cn,l + n(n− 2)
2
×
[
2− 4An,l
n
+
(
1− 2
n
− An,l
n
)2]}
Φ
(l)
S ∂uΦ
(l′)
S
+
[
3n(n− 2)
2
− (n− 2)An,l − 2Cn,l
]
×∂uΦ(l
′)
S ∂uΦ
(l)
S . (B18)
Substituting this equation into Eq. (88), we find for the
inner product between two scalar-type modes
〈h(S;ωlσ), h(S;ω′l′σ′)〉 = i (n− 1)l(l − 1)(l + n− 1)(l + n)
n
×
∫
dΩnduS(lσ)S(l
′σ′)
×(Φ(ωl)S ∂uΦ(ω
′l)
S − Φ(ω
′l)
S ∂uΦ
(ωl)
S ). (B19)
In tr coordinates and on the t = constant Cauchy surface,
this is given as
〈h(S;ωlσ), h(S;ω′l′σ′)〉 = i (n− 1)l(l − 1)(l + n− 1)(l + n)
n
×δll′δσσ′
∫ 1
0
dr
1− r2 (Φ
(ωl)
S ∂tΦ
(ω′l)
S − Φ(ω
′l)
S ∂tΦ
(ωl)
S ).(B20)
Appendix C: The Two-Point Function for the Scalar
Field
The minimally-coupled scalar field equation with mass
M ,
r−nDa(rnDaφ) +
1
r2
DˆiDˆ
iφ−M2φ = 0, (C1)
can readily be solved with the positive-frequency solu-
tions being given by
φ(ωlσ)(y) = N (ωl)e−iωtrl(1−r2)iω/2F (α−, α+; γ; r2)S(lσ),
(C2)
where
α± =
1
2
iω + l + n+ 1
2
±
√(
n+ 1
2
)2
−M2
 ,
(C3)
γ = l +
n+ 1
2
. (C4)
The normalization constants N (ωl) are determined by re-
quiring
〈φ(ωlσ), φ(ω′l′σ′)〉 := i
∫
Σ
dΣnλφ(ωlσ)
↔
∇λ φ(ω′l′σ′)
= δll
′
δσσ
′
δ(ω − ω′). (C5)
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Proceeding in exactly the same way as in the graviton
case, we find
|N (ωl)|2 = sinhpiω |Γ(α−)Γ(α+)|
2
4pi2
∣∣Γ(l + n+12 )∣∣2 . (C6)
The special case with n = 2 agrees with Ref. [40].
For M > 0 we find that the normalization constants
|N (ωl)|2 tend to 0 like ω1/2 as ω → 0. Now, for M = 0
we have
|N (ωl)|2
∣∣∣
M=0
=
sinhpiω
∣∣Γ( 12 (iω + l))Γ( 12 (iω + l + n+ 1))∣∣
4pi2
∣∣Γ(l + n+12 )∣∣2 . (C7)
Thus, the mode functions φ(ω,lσ)(y) tend to zero like ω1/2
for l ≥ 1, but the l = 0 mode function diverges like ω−1/2.
The two-point function for the corresponding quantum
field φˆ(y) is
〈φˆ(y)φˆ(y′)〉 =
∞∑
l=0
∑
σ
∫ ∞
0
dω
×
[
1
e2piω − 1φ
(ωlσ)(y)φ(ωlσ)(y′)
+
1
1− e−2piω φ
(ωlσ)(y)φ(ωlσ)(y′)
]
.(C8)
This is IR divergent for M = 0 because the l = 0 contri-
bution to the integrand behaves like ω−2 as ω → 0.
Appendix D: Two-point function with one point at
r = 0
In this Appendix we show that the two-point function
(111) vanishes if one of the two points is at r = 0. This
shows clearly that the values of the graviton two-point
function by themselves have no physical significance.
Since r = 0 is a coordinate singularity of spherical po-
lar coordinates, we need to contract the indices of the
two-point function at the origin with vielbein e(a)
µ satis-
fying
e(a)
µe(b)
νη(a)(b) = gµν (D1)
and
gµνe(a)
µe(b)
ν = η(a)(b), (D2)
where η(a)(b) = diag(−1, 1, 1, ..., 1). At any point away
from r = 0 we can choose the following vielbein eµ(a):
eˆ(0) =
(
(1− r2)−1/2, 0, ..., 0
)
, (D3)
eˆ(1) =
(
0, (1− r2)1/2, 0, ..., 0
)
, (D4)
eˆ(i) =
(
0, 0, ...,
1
r
√
γii
, 0, ..., 0
)
, (D5)
where the index i is not summed over. We take the limit
r → 0 after contracting the indices of the two-point func-
tion at the origin with this vielbein.
Now we examine the components e(a)
µe(b)
νh
(P ;ωlσ)
µν (y)
as r in y = (t, r, θ, φ, ...) tends to zero. If (a) and (b)
are (0) or (1), then limr→0 eˆ
µ
(a)eˆ
ν
(b)hµν = hab, where a
and b on the right-hand side are t or r. Hence we can
examine the components hab directly. For the vector-
and tensor-type perturbations this is trivially zero since
h
(P ;ωlσ)
ab = 0 for P = V and T in the gauge that we
have chosen. For the scalar-type modes, we first note
that rn/2Ψ
(ωl)
S in Eq. (106) behaves like r
l+n as r → 0.
The derivative operators DaDb and  change the leading
behavior to O(rl+n−2). Then it can readily be seen that
h
(S;ωlσ)
ab tends to zero like r
l (l ≥ 2) or faster as r → 0.
For (a) = (0) or (1) and (b) = (i), we find
e(a)
µe(i)
νh(P ;ωlσ)µν = (1− r2)sign(a)/2(r2γii)−1/2h(P ;ωlσ)ai ,
(D6)
where sign(a) = −1 if a = 0 and sign(a) = 1 if a = 1.
Now, it is the tensor- and scalar-type perturbations that
vanish identically in the gauge we have chosen. For
the vector case, we find that rn/2Φ
(ωl)
V in Eq. (104) be-
haves like rl+n as r → 0. Then it can readily be seen
that h
(V ;ωlσ)
ti and h
(V ;ωlσ)
ri behave like r
l+1 and rl+2,
respectively, with l ≥ 2. Then Eq. (D6) shows that
e(a)
µe(i)
νh
(P ;ωlσ)
µν → 0 as r → 0.
Finally, we calculate the components with (a) = (i)
and (b) = (j) to find
e(i)
µe(j)
νh(P ;ωlσ)µν = (γiiγjj)
−1/2r−2h(P ;ωlσ)ij . (D7)
The vector case is trivial since h
(V ;ωlσ)
ij = 0. The scalar
case is
e(i)
µe(j)
νh(S;ωlσ)µν =
γijS(lσ)
(γiiγjj)1/2
(+ 2)
nrn−2
(rn/2Φ
(ωl)
S ), (D8)
which behave like rl, l ≥ 2, as r → 0. For the tensor
case, we have
e(i)
µe(j)
νh(T ;ωlσ)µν =
2T(lσ)ij
(γiiγjj)1/2
r−n/2Φ(ωl)T . (D9)
Then these vielbein components for the tensor case be-
have like rl, l ≥ 2, for small r. Hence, it will vanish as
r → 0. Since all these components vanish for r → 0, the
two-point function itself vanishes in this limit.
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